Ununfoldable Polyhedra with Triangular Faces

Marshall Bern^∗ Erik D. Demaine^† David Eppstein^‡ Eric Kuo^§ Andrea Mantler^¶ Jack Snoeyink^{¶ ‖}

Abstract. We present a triangulated closed polyhedron that has no edge unfolding, and a triangulated open polyhedron that has no unfolding whatsoever. 1 Introduction. A classic open question in geometry [3, 5] is whether every convex polyhedron can be cut along its edges and flattened into a single piece in the plane without any overlap. Such a collection of cuts is called an edge unfolding of the polyhedron, and the resulting simple polygon is called a net. It is widely conjectured that the answer to this question is yes. Currently it is only known that if we allow cuts across the faces as well as along the edges, then every convex polyhedron has an unfolding [5].

While unfoldings were originally used to make paper models of polyhedra, unfoldings have important industrial applications such as sheet metal bending [4, 5]. For these applications, nonconvex polyhedra are of the most interest. Surprisingly, there has been little theoretical work on unfolding nonconvex polyhedra. In what may be the only paper on this subject, Biedl et al. [2] show the positive result that certain classes of orthogonal polyhedra can be unfolded. They also show the negative result that not all orthogonal polyhedra have edge unfoldings.

However, their examples are not entirely satisfying because they are not even “topologically convex.” A polyhedron is topologically convex if its graph (1- skeleton) is the graph of some convex polyhedron. Steinitz’s theorem tells us that this is the case precisely if the graph is 3-connected and planar.

The class of topologically convex polyhedra includes all convex-faced polyhedra (i.e., polyhedra whose faces are all convex) that are homeomorphic

∗Xerox Palo Alto Research Center, 3333 Coyote Hill Rd., Palo Alto, CA 94304, USA, email: bern@parc.xerox.com.

†Department of Computer Science, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada, email: eddemaine@

uwaterloo.ca. Supported by NSERC.

‡Department of Information and Computer Science, University of California, Irvine, CA 92697, USA, email: eppstein@

ics.uci.edu.

§M.I.T. Laboratory for Computer Science, 545 Technology Square, Bldg. NE43, Cambridge, MA 02139, USA, email:

ehkst@mit.edu. Work performed while at Xerox PARC.

¶Department of Computer Science, University of British Columbia, Vancouver, BC V6T 1Z4, Canada, email: mantler@

cs.unc.edu. Work supported in part by NSERC and per-

formed while visiting UNC.

‖Department of Computer Science, University of North Carolina, Chapel Hill, NC 27599-3175, USA, email: snoeyink@

cs.unc.edu.

corner corner

corner tip

Figure 1: Triangulated hat (left) placed on each face of a regular tetrahedron (right). The right polyhedron is called the spiked tetrahedron.

to spheres. Schevon and other researchers [2, 6] have asked whether all such polyhedra can be unfolded by cutting along edges. In other words, can the conjecture that every convex polyhedron is edge-unfoldable be extended to topologically convex polyhedra?

Another particularly interesting subclass, which we consider here, are triangulated (or simplicial) polyhedra that are homeomorphic to spheres. In this paper, we give such a polyhedron that has no edge unfolding. This proves, in particular, that the edge-unfolding conjecture does not generalize to topologically convex polyhedra.

A preliminary version of this work [1] proves several lemmas used here, and presents a convex-faced (but not triangulated) polyhedron with no edge unfolding. 2 No Edge Unfolding. Our construction, the spiked tetrahedron, is as follows. On each face of a regular tetrahedron, erect a triangulated hat consisting of nine triangular faces as shown in Figure 1. The center spike has three isosceles triangles with base angle strictly greater than 60^ffi. The remaining six triangles (called the brim) are nearly flat; they may be given convex dihedral angles by pushing the spike slightly above the plane of the tetrahedron’s face.

The three outer vertices are the corners of the hat (which coincide with the tetrahedron’s vertices), the innermost vertex is the tip, and the rest are the middle vertices. The edges that do not join corners are said to be inside the hat.

Lemma 1 In any edge unfolding of the spiked tetrahedron, there is a path joining at least two corners of each hat using edges inside that hat (for suitable choices of the parameters).

Proof: Consider an unfolding of the polyhedron, which must be a spanning tree of the vertices [1], and focus attention to the subforest of edges inside a particular hat. Suppose that this forest touches only one corner of that hat. Because the three middle vertices have negative curvature (i.e., the incident angles sum to more than 360^ffi), they cannot be leaves of the unfolding [1]. Hence, the corner and tip must be the two leaves of the forest (which in fact must be a path), and only one cut is incident to a corner.

B A D C

Figure 2: Proof of Lemma 1: a planar drawing of a triangulated hat with a possible cut in bold.

Because the spike remains connected to the rest of the polyhedron, there must be a spike triangle A that remains connected to a brim triangle B; see Figure 2. Because there is only one cut incident to a corner, we can go either clockwise or counterclockwise half way around the hat to find brim triangles B, C, and D all sharing a vertex with A. But by making the brim so close to flat that the sum of angles from A, B, and C is closer to 300^ffi than the base angle of A is to 60^ffi, the sum of the angles of the four faces at that vertex is more than 360^ffi, so A overlaps D when unfolded. 2 Theorem 1 The spiked tetrahedron cannot be edge unfolded (for suitable choices of the parameters).

Proof: Suppose there were a spanning tree that produced an edge unfolding. By Lemma 1, inside each of the four hats would be paths joining two corners. But since there are only four corners in total, these paths would form a cycle in the spanning tree, a contradiction. 2 3 General Unfolding. The full version of this paper (manuscript in preparation) proves that the spiked tetrahedron always has a general unfolding, i.e., an unfolding in which cuts are allowed along faces in addition to edges of the polyhedron. A “picture proof” is given in Figure 3.

4 No General Unfolding. An intriguing open question is whether there is a convex-faced polyhedron, triangulated polyhedron, or any polyhedron that has no general unfolding. This section makes a

Figure 3: General unfolding of spiked tetrahedron.

step toward solving this problem by presenting a triangulated open polyhedron (polyhedron with boundary) with no general unfolding. v

Figure 4: Open polyhedron with no unfolding.

The construction is to connect several triangles in a cycle, all sharing a common vertex v, as shown in Figure 4. By connecting enough triangles and/or adjusting the triangles to have large enough angle incident to v, we can arrange for vertex v to have negative curvature. Theorem 2 [1] The open polyhedron in Figure 4 has no general unfolding if v has negative curvature.

Proof: An unfolding could only have leaves on the boundary, because v has negative curvature, and the cut incident to any other leaf could be glued (uncut) without affecting the unfolding. But any unfolding has at least two leaves, so must disconnect the polyhedron, contradicting the definition of unfolding. 2 5 Conclusion. Our first example (Figure 1) shows that the conjecture about edge unfoldings of convex polyhedra cannot be extended to topologically convex polyhedra. It further illustrates the added power of cuts along faces for topologically convex polyhedra. Our second example (Figure 4) shows an open polyhedron that cannot be unfolded at all, but the flexibility exploited in Figure 3 suggests that it will be more difficult to settle whether there is a closed polyhedron with that property. Another interesting open question is the complexity of deciding whether a given triangulated polyhedron has an edge unfolding, now that we know that the answer is not always “yes.”

Acknowledgments. We thank Anna Lubiw for helpful discussions. References

[1] M. Bern, E. D. Demaine, D. Eppstein, and E. Kuo. Ununfoldable polyhedra. In Proc. 11th Canadian Conf. Comput. Geom., Vancouver, Aug. 1999. http://www.cs.ubc.ca/

conferences/CCCG/elec proc/fp38.ps.gz.

[2] T. Biedl, E. Demaine, M. Demaine, A. Lubiw, M. Overmars, J. O’Rourke, S. Robbins, and S. Whitesides. Unfolding some classes of orthogonal polyhedra. In Proc. 10th Canadian Conf. Comput. Geom., Montréal, Aug. 1998. http://cgm.cs.mcgill.ca/cccg98/proceedings/

cccg98-biedl-unfolding.ps.gz.

[3] H. T. Croft, K. J. Falconer, and R. K. Guy. Unsolved Problems in Geometry, pages 73–76. Springer-Verlag, 1991.

[4] S. K. Gupta, D. A. Bourne, K. H. Kim, and S. S. Krishnan.

Automated process planning for sheet metal bending operations. J. Manufacturing Systems, 17(5):338–360, 1998.

[5] J. O’Rourke. Folding and unfolding in computational geometry. In Proc. Japan Conf. Discrete and Computational Geometry, LNCS, Tokyo, Dec. 1998. To appear. ftp://

cs.smith.edu/pub/orourke.papers/jp.ps.gz.

[6] C. Schevon. Unfolding polyhedra. sci.math Usenet article, Feb. 1987. See http://www.ics.uci.edu/~eppstein/gina/

unfold.html.